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Abstract
We prove that the closure of every Hanani triple system is a resolvable hypergraph, hence it
satises the Berge’s conjecture on linear hypergraphs. c© 1999 Elsevier Science B.V. All rights
reserved.
1. Introduction
A hypergraph H is a pair (X;E), where X is a nite non-empty set and E is a
family of non-empty subsets of X whose union is X .
The elements of X are called the vertices of H ; the elements of E are called the
blocks of H . Two edges are said to be intersecting if they have at least one vertex in
common; the number of edges of a hypergraph H = (X;E) which have a given vertex
x 2 X in common is called the degree of x and it is denoted by dH (x). We will denote
by (H) the maximum degree in H .
An intersecting family of H is a family of pairwise intersecting edges. We will
denote by 0(H) the maximum size of an intersecting family.
The smallest number of colors which we need to color the edges of a hypergraph
H , such that no two intersecting edges have the same color, is called the chromatic
index of H and it is denoted by q(H).
A hypergraph H = (X;E) is said to be k-uniform if jEj = k for all E 2 E, and
r-regular if dH (x) = r, for all x 2 X . Clearly, in the latter case r = (H).
The hypergraph H is called linear if any two of its edges share at most one
vertex. The hereditary closure H of H (briey, the closure) is the hypergraph
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that has the same vertices of H and its edges are all the nonempty subsets of edges
of H .
It is easy to prove that the following inequalities hold for every hypergraph H :
(H)60(H)6q(H):
If (H)=q(H) or (H)=0(H) we will say that the hypergraph H has respectively
the edge coloring property (ECP) or the clique property (CP).
In this paper we study the following famous conjecture of hypergraph theory for the
special case of Steiner systems.
Conjecture 1 (Berge [1{3]). If H is a linear hypergraph, then its closure H has the
ECP:
( H) = q( H):
Berge’s conjecture holds for all graphs as a consequence of Vizing’s theorem on
edge-colorings. This conjecture is proved for Hanani triple systems. The general
problem is open.
2. Resolvable systems
A Steiner system or an S(h; k; v)-design (26h<k6v) is a particular k-uniform
hypergraph H = (X;E) such that jX j = v and every h-subset of X appears in exactly
one edge of E.
A hypergraph H = (X;E) is called resolvable if it is possible to partition E into
(H) = d classes E1;E2; : : : ;Ed of pairwise disjoint edges. This partition is called a
resolution of H and Hi = (X;Ei) is called a parallel class or a resolution class of
H; 8i = 1; 2; : : : ; d.
Steiner systems S(2; k; v) are particular linear hypergraphs, so it is possible to study
the above conjecture for them.
We can restate Berge’s conjecture with the above design-theoretical terminology, as
follows.
Conjecture 2. If H is a linear hypergraph, then its closure H is a resolvable hyper-
graph.
Gionfriddo and Tuza [5] proved that the closure  of every resolvable S(2; k; v)
system is a resolvable hypergraph, hence these hypergraphs verify Berge’s conjecture.
The same conclusion holds for a further class of designs, the nearly resolvable Kirkman
triple systems (briey NKTS), as shown by Gionfriddo and Milici [4].
In this way, we can say that Berge’s conjecture is true for all resolvable Steiner
systems S(2; k; v) and for all NKTS(v).
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3. Hanani triple systems
Throughout this section, v will denote a nonnegative integer such that v  1 (mod 6).
An almost parallel class is a set of 13 (v − 1) pairwise disjoint triples. Any set of
pairwise disjoint triples is said to be a partial parallel class.
A Steiner triple system H = (X;E), in which jX j= v, is said to be a Hanani triple
system of order v (briey HATS(v)) if E can be partitioned into s= 12(v− 1) almost
parallel classes Hi=(Xi;Ei); 8i=1; 2; : : : ; s, and one partial parallel class E′ consisting
of p= 16(v− 1) triples.
It is known [6] that a Hanani triple system exists if and only if v  1 (mod 6);
v 6= 7; 13.
A HTS(19) is illustrated in the appendix.
Throughout this section, we will use the following notation: G [ fxg = G + x;
G − fxg= G − x.
Theorem 1. The closure H of every HATS(v) is a resolvable hypergraph; i.e. H has
the ECP.
Proof. Let H=(X;E) be a Hanani triple system, where X=fx11; x12; x13; x21; x22; x23; : : : ;
xp1; xp2; xp3; x1; x2; : : : ; xrg; jX j = v and where r = 12(v + 1); p = 16(v − 1). Further,
let E = E′ [ H1 [ H2 [    [ Hs, be the partition of the triples of H such that
E′ = ffx11; x12; x13g; fx21; x22; x23g; : : : ; fxp1; xp2; xp3gg is the partial parallel class and
H1; H2; : : : ; Hs are the almost parallel classes of H .
It is important to remark that for every almost parallel class Hi=(Xi;Ei); i=1; 2; : : : ; s,
there exists exactly one element xi 2 X such that xi 62 Xi. Further, if Hi 6= Hj and
xi 62 Xi; xj 62 Xj, then xi 6= xj.
In what follows, the almost parallel classes of H will be denoted by Hxij=(Xxij ;Exij),
in each of which the element xij is missing; further, for every x 2 X , let Gx =
ff; gX : fx; ; g 2 Eg.
The technique we use for obtaining the resolution of H is the following. For each
i = 1; 2; : : : ; p we replace the classes of H as follows.
Consider the triple fxi1; xi2; xi3g 2 E′ and x the element xi1. There exists exactly
one class Gx such that fxi2; xi3g 2 Gx. Let Gx = (Gx + fxi1; xi2; xi3g) − fxi2; xi3g. Con-
sider the class Exi2 and let fi; i; xi3g be the triple of Exi2 containing xi3. Let Fxi2 =
(Ex12 − fi; xi3; ig) + fxi2; xi3g+ fi; ig.
Further, consider the only class Gy containing the pair fi; ig. Let Gy = (Gy −
fi; ig) + fi; xi3; ig.
Finally, we dene Fxij = Exij + fxijg for j = 1; 3 and Gz = Gz + fzg for z 2
X − fx11; x21; : : : ; xp1; x13; x23; : : : ; xp3g.
By this construction we obtain, at last, a resolution of H and this completes the
proof.
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Appendix
Example of HATS(19), H = (X;E).
10 4 14 10 5 15 10 6 16 10 7 17 10 8 18
5 7 19 6 8 11 7 9 12 1 8 13 2 9 14
2 6 13 3 7 14 4 8 15 5 9 16 1 6 17
8 9 17 1 9 18 1 2 19 2 3 11 3 4 12
3 16 18 4 17 19 5 11 18 6 12 19 7 11 13
11 12 15 12 13 16 13 14 17 14 15 18 15 16 19
H1 H2 H3 H4 H5
10 9 19 10 1 11 10 2 12 10 3 13 1 4 7
1 3 15 2 4 16 3 5 17 4 6 18 2 5 8
2 7 18 3 8 19 4 9 11 1 5 12 3 6 9
4 5 13 5 6 14 6 7 15 7 8 16
8 12 14 9 13 15 1 14 16 2 15 17
11 16 17 12 17 18 13 18 19 11 14 19
H6 H7 H8 H9 E0
The blocks of H are all the 1-subsets and 2-subsets of X and the blocks of H .
Resolution of H :
10 4 14 10 5 15 10 6 16 10 1 11 10 2 12 10 3 13
5 7 19 6 8 11 7 9 12 2 4 16 3 5 17 4 6 18
2 6 13 3 7 14 4 8 15 3 8 19 4 9 11 1 5 12
8 9 17 1 9 18 1 2 19 5 6 14 6 7 15 7 8 16
3 16 18 4 17 19 5 11 18 9 13 15 1 14 16 2 15 17
11 12 15 12 13 16 13 14 17 12 17 18 13 18 19 11 14 19
1 2 3 7 8 9
H1 H2 H3 H7 H8 H9
1 8 13 2 9 14 1 3 15
5 9 16 1 6 17 2 7 18
2 3 11 3 4 12 4 5 13
6 12 19 7 11 13 8 12 14
14 15 18 15 16 19 11 16 17
4 7 5 8 6 9
10 17 10 18 10 19
H4 H5 H6
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9 18 6 13 16 18 1 4 2 5 3 6
2 19 1 19 7 14 5 19 9 17 8 17
8 13 3 11 2 11 3 14 6 11 1 18
6 17 9 14 4 12 9 12 4 15 7 12
3 15 7 18 1 15 10 7 17 1 13 5 16
10 11 4 16 8 19 11 13 10 8 18 2 14
14 16 10 12 5 17 2 18 12 14 10 9 19
5 12 15 17 10 13 6 15 3 19 13 15
1 4 7 2 5 8 3 6 9 8 16 7 16 4 11
G1 G2 G3 G7 G8 G9
1 7 2 8 3 9 4 14 12 15 11 15
10 14 7 19 2 13 5 15 6 8 13 16
17 19 10 15 8 11 6 16 5 18 7 9
8 15 11 18 10 16 7 17 2 3 6 19
3 12 9 16 12 19 8 18 7 13 3 4
5 13 4 13 1 17 9 19 16 17 8 14
2 16 6 14 5 14 1 11 1 10 17 18
9 11 3 17 7 15 2 12 4 9 2 10
6 18 1 12 4 18 3 13 14 19 1 5
4 5 6 10 11 12
G4 G5 G6 G10 G11 G12
2 6 4 10 11 12 3 18 8 9 3 16 5 7
12 16 3 7 5 10 12 13 4 19 1 9 4 17
14 17 13 17 4 8 6 10 13 14 5 11 1 2
1 8 15 18 14 18 5 9 7 10 14 15 6 12
7 11 2 9 16 19 15 19 1 6 8 10 15 16
4 5 8 12 1 3 11 17 11 16 2 7 9 10
9 15 5 6 9 13 2 4 12 18 12 17 3 8
18 19 1 16 6 7 1 14 3 5 13 19 13 18
3 10 11 19 2 17 7 8 2 15 4 6 11 14
13 14 15 16 17 18 19
G13 G14 G15 G16 G17 G18 G19
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